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Abstract. Magneto-convection structures the magnetic ﬁeld in solar and stellar atmospheres
over scales that for the Sun span about 8 orders of magnitudes, down to the magnetic diﬀusion
scale of order 10 m. The statistical properties of this structuring are governed by probability
density functions (PDFs), for the vertical and transverse ﬁeld components as well as for the
ﬁeld inclination. Due to the fractal nature of the ﬁeld pattern these PDFs appear to have a high
degree of scale invariance. There are serious pitfalls in the derivations of empirical PDFs, pitfalls
that are particularly severe in the case of the ﬁeld inclination. This explains the fragmentary
and rather unreliable PDF information available in the published literature. Here we discuss the
nature of these pitfalls and indicate how they may be avoided, using Hinode quiet-sun Stokes
vector data to derive PDFs for the ﬁeld strength and ﬁeld inclination.
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1. Resolved and unresolved scales
As we zoom in on ever smaller scales in solar magnetograms (cf. Fig. 1), we ﬁnd
a fractal-like pattern with a high degree of self-similarity (Stenﬂo & Holzreuter 2002,
2003). It is in fact hard to guess the spatial scale of a magnetogram without tick marks,
due to this scale invariance.
As ever more powerful solar telescopes come on line, we will be able to resolve smaller
and smaller magnetic features, but due to the self-similarity, the appearance of the mag-
netic pattern would be expected to remain pretty much the same, except that the new
tick marks will represent smaller scales.
As we go down in scale, the magnetic Reynolds number decreases until it reaches a
value of unity around the 10m scale (de Wijn et al. 2009). Below a value of unity the
ﬁeld ceases to be frozen in, because the time scale of magnetic diﬀusion becomes smaller
than the dynamic time scale. As the viscous diﬀusion limit for the turbulent spectrum
lies at even much smaller scales, we expect that magneto-convection will structure the
ﬁeld all the way down to the 10m scale. This is 4 orders of magnitude smaller than the
angular resolution limit of the best current telescopes.
On the quiet Sun we will therefore remain very far from resolving any of the magnetic
structures in the foreseeable future. Analysis of Hinode data in diﬀerent ways (cf. Stenﬂo
2009) reveals subpixel magnetic structuring far beyond the Hinode 0.3 arcsec angular
resolution (see more about this below). For observed magnetic ﬁelds, which always refer
to a certain ﬁnite angular resolution, we should therefore always avoid using the term
“ﬁeld strength” and instead use the term “ﬂux density”. Although both these quantities
have the same dimension (G), confusion can be avoided if the term “ﬁeld strength” is only
used for resolved ﬁelds. In the asymptotic limit of inﬁnite resolution the two concepts
“ﬁeld strength” and “ﬂux density” become identical.
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Figure 1. Fractal-like magnetic ﬁelds of the quiet Sun, observed on 9 February 1996. The two
maps to the left are from a Kitt Peak full-disk magnetogram, while the right, high-resolution
magnetogram was recorded the same day at the Swedish La Palma Observatory (courtesy Go¨ran
Scharmer). It covers an area that is only 0.35% of the map next to it.
2. The concept of “intrinsic ﬁeld strength”
As it was realized already in the 1960s that the true magnetic structures were far
smaller than the available resolution, indirect methods were developed to diagnose the
nature of the magnetic ﬁeld beyond the spatial resolution limit. The Stokes V line ra-
tio technique makes use of the diﬀerential non-linearity in the relation between ﬁeld
strength and circular polarization measured simultaneously in diﬀerent spectral lines
(Stenﬂo 1973). With a very special choice of line pair it is possible to isolate the mag-
netic eﬀects from the thermodynamic eﬀects. This led to the discovery that more than
90% of the magnetic ﬂux seen with moderate angular resolution is due to subresolution
kG ﬁelds. Since however the measured ﬂux densities on the quiet Sun are only a few G,
the high ﬁeld strengths imply that the corresponding magnetic elements occupy on av-
erage only about 1% of the quiet-Sun photospheric volume. The theoretical counterpart
of these seemingly intermittent strong-ﬁeld structures became the magnetic ﬂux tubes,
which usually were assumed to be embedded in a non-magnetic environment. Ever more
sophisticated ﬂux tube models were then developed.
To determine the kG ﬁeld strength of the spatially unresolved ﬁeld structures an in-
terpretational model based on a 2-component concept was found to be eﬀective and to
give consistent results. The concept is to assume that we have one magnetic component
with a certain “intrinsic” ﬁeld strength and ﬁlling factor, and one “non-magnetic” com-
ponent. This 2-component model became the standard interpretational tool that was
applied universally not only in solar but also in stellar physics.
With the success of this approach it tended to be forgotten that it represents an
extreme idealization that ﬁlters out a certain property of the underlying reality, and
that the true nature of this reality may be very diﬀerent. If we would describe the 2-
component model in terms of probability density functions (PDFs) that are frequently
used to characterize the statistical properties of the ﬁelds found in numerical simula-
tions of magneto-convection, the 2-component PDF would appear very strange indeed:
it would consist of two δ function peaks, one near a ﬁeld strength of 1 kG, representing
the magnetic component, while the second peak, located at zero ﬁeld strength, would be
about 100 times taller (since the magnetic ﬁlling factor is only of order 1%). The huge
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and the tiny δ function peaks would be separated by a vast, empty “desert” in between.
In contrast, all numerical simulations of magneto-convection produce continuous PDFs,
smoothly connecting the weakest and the strongest ﬁelds.
We therefore realize that the 2-component model is a crude interpretational ﬁlter that
projects out some global property of the strong-ﬁeld tail of the actual PDF in terms of
a single number that we call the “intrinsic ﬁeld strength”. What this number physically
really means depends on the nature of the underlying PDF and on the functional relation
between ﬁeld properties and polarization. One should be careful in assigning too much
physical meaning to this “intrinsic ﬁeld strength” as representing the ﬁeld strength of a
discrete ﬂux tube. The underlying fractal reality is likely to be diﬀerent.
After the kG values for the magnetic component of the quiet Sun had been discov-
ered, the attention turned towards exploring the magnetic nature of the so-called “non-
magnetic” component. It was from the start clear that it could not be truly non-magnetic,
since a major ﬁeld-free region in the highly conducting turbulent solar plasma is a phys-
ical impossibility. If the ﬁeld is weak, the frozen-in ﬁeld lines must be tangled up and
ampliﬁed by the turbulent motions. The question was how strong this tangled ﬁeld is.
This question could not be answered with the Zeeman eﬀect (due to cancellation
of the mixed-polarity signatures), but the introduction of the Hanle eﬀect opened a
window to this aspect of solar magnetism (Stenﬂo 1982), since the Hanle eﬀect with its
diﬀerent symmetry properties is not subject to the mentioned cancellations. Interpreting
the observed Hanle signatures in terms of a single-valued ﬁeld strength, values of 30–60G
were found (Faurobert-Scholl 1993; Trujillo Bueno, Shchukina & Asensio Ramos 2004).
Even when the 2-component model is extended by including the Hanle eﬀect, it would,
if interpreted literally in terms of a PDF, mean that the huge δ function peak at zero
ﬁeld strength is shifted to a location somewhere in the interval 30–60G (while the tiny
1 kG peak for the “magnetic component” remains). As we however have all reasons to
expect that the actual PDF is a smooth function connecting in a continuous fashion the
weakest with the strongest (kG) ﬁelds, the single numbers extracted from the observed
Hanle signatures must represent some ﬁltered global property of the weak-ﬁeld portion
of the underlying PDF. What this single number really means depends on the nature
of the PDF, the angular distribution of ﬁeld vectors, and the non-linear functional re-
lation between the Hanle polarization signature and the ﬁeld properties (strength and
orientation).
It is therefore clear that there is now a big need to transcend the 2-component approach
and move in the direction of interpretational models based on PDFs.
3. Angular distribution of ﬁeld vectors
We have seen that the “intrinsic properties” of PDFs cannot be determined (in any
direct way at least) in the spatially unresolved domain, since the unavoidably very ide-
alized interpretational model used gives us a ﬁltered version of the underlying reality
characterized by a couple of discrete parameters. While such parameters can provide
important constraints on the nature of the underlying PDF, a full reconstruction of the
PDF would heavily rely on guessed-at model assumptions. As an alternative we suggest
to approach this problem by instead exploring the PDFs in the spatially resolved domain
and the scaling laws that they obey.
It might seem that it would in the spatially resolved domain be a straightforward
matter to extract the PDFs for the ﬂux densities as averaged over the spatial resolution
element. This averaging is however highly non-linear and therefore far from trivial, as we
will illustrate for the case of the angular distribution of ﬁeld vectors. Lites et al. (2008)
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analysed Hinode SOT/SP Stokes vector spectra of the Fe i 6301 and 6302 A˚ lines and
came to the conclusion that there is 5 times more horizontal than vertical ﬂux in the
quiet photosphere. Subsequently Schu¨ssler & Vo¨gler (2008) reported that their numerical
simulations of magneto-convection also showed a similar preponderance of horizontal
ﬂux. In contrast, I have analysed the identical Hinode data set and come to the opposite
conclusion, namely that it is the vertical ﬂux that dominates.
The main reason why it is possible to come to such opposite conclusions from the
identical data set has to do with the way one deals with the inﬂuence of the magnetic
structuring on subresolution scales. Due to non-linearities in the relation between polar-
ization and the ﬁeld properties, the averaging process aﬀects the polarization and the
ﬁeld diﬀerently (cf. Stenﬂo 1994). The non-linearities in the linear polarization are much
larger than in the circular polarization. The way in which they aﬀect the spatial averag-
ing over the Hinode 0.3 arcsec resolution element depends critically on the nature of the
ﬁeld structuring on subpixel scales. If this subpixel structuring is dealt with incorrectly
(or ignored, as is often the case), large diﬀerential scaling errors for the transverse and
longitudinal ﬁelds will occur, resulting in completely wrong ﬁeld inclinations. Thus, if
the subpixel structuring is neglected, the ﬁelds would look much more horizontal than
they actually are.
It is beyond the scope of the present paper to go into the quite involved procedure of
how to account for the subpixel structuring, but it is based on information extracted from
the observed diﬀerential Stokes I and V line proﬁle eﬀects in the two Fe i 6301 and 6302 A˚
lines, modeled with synthetic Stokes spectra representing various realistic, hot and cold
atmospheres. Some results of this rather complex analysis are illustrated in Fig. 2 for the
angular distribution of ﬁeld vectors. Since the angular distribution is a steep function of
ﬂux density, we have binned the data in terms of apparent ﬂux density in the 6301 A˚
line. The upper panel of Fig. 2 shows the distribution for the 100–120G bin. An isotropic
distribution of ﬁeld vectors would be ﬂat in this representation (histogram in terms of
μ = cos γ bins, γ being the inclination angle). If horizontal ﬁelds would dominate, the
distribution would have a negative slope. The steep positive gradient shows that the
ﬁelds for this ﬂux density bin are strongly peaked around the vertical direction.
To characterize each histogram with a single parameter, we have ﬁtted it with the
function μα , where α = 0 represents the isotropic case, and the distribution gets increas-
ingly peaked around the vertical direction as α increases. The lower panel in Fig. 2 shows
the ﬁtted α values as a function of ﬂux density. For ﬂux densities below 15G α becomes
negative, which would suggest that the weakest ﬂux densities are predominantly hori-
zontal. This is however entirely an artefact of noise, as has been veriﬁed by Monte-Carlo
simulations using the actual noise values extracted from the Hinode data.
We ﬁnd from this analysis that the angular distribution is nearly isotropic for the
smallest ﬂux densities, but becomes rapidly very peaked around the vertical direction
as the ﬂux density increases. It is natural to expect this to happen as a result of the
increasing inﬂuence of the buoyancy forces.
4. Probability distributions for the ﬂux densities
While the subpixel structuring has a profound eﬀect on the extracted transverse ﬂux
densities, its inﬂuence on the line-of-sight ﬂux densities is much more modest, although it
needs to be accounted for. In Fig. 3 we show the histogram or probability density function
(PDF) for the vertical ﬂux densities, extracted from the mentioned Hinode data set for the
quiet disk center (dashed curve). It can be ﬁtted well by the sum of a symmetric Voigt
function and an anti-symmetric line dispersion function, characterized by a “damping
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Figure 2. Angular distributions extracted from the Hinode data for the quiet-Sun disk center.
Upper panel: Histogram representing the ﬂux density interval 100–120G. Lower panel: Variation
with ﬂux density of ﬁt parameter α, showing how the ﬁelds get strongly peaked around the
vertical direction as the ﬂux density increases. The negative values of α below 15G can be
shown to be an artefact of noise. The Hinode data are therefore consistent with an isotropic
distribution for the weakest ﬂuxes.
constant” (to use the terminology from spectral line analysis) and a “Doppler width”
characterizing the shape of the inner core. Since the value of the Doppler width closely
agrees with its value for a pure Gaussian noise distribution, using the measured value of
the noise in the Hinode data, the noise-free PDF is well represented by the mentioned
sum of the Voigt and line dispersion functions, if we simply set the Doppler width to
zero. The noise-deconvolved PDF (solid curve in Fig. 3) is proportional to the function
(γ/2)2 + 0.038B
B2 + (γ/2)2
, (4.1)
where B is the ﬂux density in G, and γ = 8G.
The symmetric (Lorentzian) part of this function is represented by the dotted curve
in Fig. 3. The anti-symmetric part accounts for the imbalance between the positive and
negative polarities in the solar region that is being sampled.
We note that the PDF has its peak at zero ﬂux density. A non-zero location of the
histogram peak that has previously been reported (cf. Lites et al. 2008) is an artefact
of the way in which the measurement noise was dealt with. The inﬂuence of the noise
in the data becomes much more dramatic in the case of the horizontal ﬁelds derived
from the linear polarization, with the result that the apparent PDFs for the horizontal
and total ﬂux densities drop towards zero for the weakest ﬁelds. Careful analysis of
how the inﬂuence of the noise propagates, combined with Monte-Carlo simulations, show
however that the apparent, shifted location of the PDF maxima is an artefact of noise.
Also in the case of the horizontal and total ﬂux densities, the noise-corrected PDFs all
have their maxima at zero ﬂux density.
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Figure 3. PDF for the vertical ﬂux density, as extracted from the quiet-Sun Hinode data at
disk center (dashed curve). The solid curve is a noise-deconvolved analytical representation in
terms of a sum of a Lorentz and a line dispersion function, as given by Eq. (4.1). The symmetric
part of this function is given by the dotted curve.
5. Concluding remarks
It is clear that we need to transcend the 2-component approach in the direction of
continuous PDFs. This however requires some modelling assumptions for the behavior
of the PDFs in the spatially unresolved domain, where they are not directly observable.
To obtain empirical guidance we need to explore the scaling laws of the PDFs in the
resolved domain, where we notice a high degree of fractal-like scale invariance, which is
likely to continue into the unresolved domain. Even in the resolved domain, however, the
polarimetric quantities averaged over the resolution element are strongly inﬂuenced by
the nature of the subpixel magnetic structuring. Here we have tried to cast some light
on these problems and indicate how they may be overcome.
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